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Translational symmetry 

Mirror symmetry 

Rotational symmetry 



Symmetries of space-time: Lorentz invariance, 
Poincare invariance 

Exact Symmetries of interactions: 
•  Invariance under space translations: 

momentum conservation 
•  Rotational invariance: angular momentum 

conservation. 
•  Invariance under time translations: energy 

conservation. 
All others are approximate! 

“Fundamental” Symmetries: C, P, and T 



PARITY (P) 

If a process is permitted by the 
laws of physics, its mirror image 

is also permitted. 

r P! →! −r
p = −i!∇ P! →! −p
A P! →! −A

E = −∇ϕ − 1
c
∂A
∂t

P! →! −E

vectors
" #$$$$ %$$$$

L = r×p P" →" L
S P" →" S

B =∇×A P" →" B
pseudo- vectors
! "### $###

Not	  always	  true	  



Wu’s beta 
decay expt. 

Wu searched for asymmetry in 60Co beta decay :

A = N(S•p > 0)− N(S•p < 0)
N(S•p > 0)+ N(S•p < 0)

Large asymmetry : parity is maximally violated!



iγµ∂
µψ −mψ = 0 P# →# iγµ∂ 'µψ '−mψ ' = 0

Assume   ψ '(−r, t) = Sψ(r, t)⇒
iγµ∂

µSψ −mSψ = 0 µ = 0

−iγµ∂
µSψ −mSψ = 0 µ =1, 2,3
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'
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⇒
γµS = Sγµ
γµS = −Sγµ

&
'
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µ = 0
µ =1, 2,3

*
+
(
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⇒ S =ηPγ0 Note that S 2

=1! 

Vi =ψγ iψ
P# →# ψ †'γ0γ iψ ' =ψ †S†γ0γ iSψ =ψ †γ iγ0ψ = −Vi

Ai =ψγ iγ5ψ
P# →# ψ †'γ0γ iγ5ψ ' =ψ †S†γ0γ iγ5Sψ = −ψ †γ iγ0γ5ψ = Ai
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Chiral representation of Dirac matrices 

ψ = R
L
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Right-eyed flounder (both 
eyes are on the right side) 

Left-eyed flounder (both 
eyes are on the left side) 

Different	  taste!	  



CHARGE CONJUGATION (C) 

The laws of physics do not change if particles are replaced by 
antiparticles. 

Not	  always	  true	  

ψ C! →! ψC =ηCCψ
T =ηCCγ0

Tψ∗

−C =C−1 =CT =C†

CγµC
−1 = −γµ

T

C2 =1



CγµC
−1 = −γµ

T

iγµ∂
µψ −mψ = 0 Hermitian conjugate# →##### i∂µψγµ +mψ = 0

transpose# →### iγµ
T∂µψT +mψT = 0 ⇒−iC−1γµC∂

µψT +mψT = 0

⇒−iγµ∂
µCψT +mCψT = 0  or iγµ∂

µψC −mψC = 0

ψC =ηCCψ
T =ηCCγ0

Tψ∗
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Chiral representation of Dirac matrices 

ψ = R
L
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ψL =
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ψR =
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ψC =ηCCγ0
Tψ∗ =

iσ 2L
∗

−iσ 2R
∗

#

$

%
%

&

'

(
(
⇒

ψL( )C  is right-handed

ψR( )C  is left-handed
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TIME-REVERSAL (T) 

The laws of physics are the same whether time is running 
forward or backward 

Not	  always	  true	  

r T! →! r
p T! →! −p

L = r×p T! →! −L
S T! →! −S

E T! →! E
B T! →! −B

E2 −B2 T! →! E2 −B2

E•B T! →! −E•B

$
%
&

'&
Lorentz invariants

Dipole moments : Hmd = −
!
µ •B !

µ = µS Hed = −d•E d = dS
−
!
µ •B T" →" −

!
µ •B −d•E T" →" d•E



Transformation of angular momentum states under 
time reversal 

i ∂
∂t
Ψ = HΨ complex conjugate# →##### −i ∂

∂t
Ψ∗ = H ∗Ψ∗

Most of the time is  H  real (except when it contains σ 2 ).

Hence T̂ = ÛK̂        K̂ : complex conjugation operator

T̂JT̂ −1 = −J⇒

T̂J2T̂ −1 = J2 ⇒ T̂ j,m =η jm j,m '

T̂JzT̂
−1 = −Jz ⇒ m ' = −m

T̂ Jx ± iJy( )T̂ −1 = (−Jx )± (−i)(−Jy ) = −J∓

(

)

*
*

+

*
*

T̂J±T̂
−1 = −J∓

J± j,m = j( j +1)−m(m±1) j,m±1

,

-
*

.*
⇒η jm ∝ (−1)m Choice:η jm = (−1) j+m



iγµ∂
µψ −mψ = 0 complex conjugate# →##### −iγµ

∗∂µψ∗ −mψ∗ = 0

−iCγµ
∗∂µψ∗ −mCψ∗ = 0

Cγµ
∗ = −γµ

†C =
−γµ

†C  for µ=0

γµ
†C  for µ=1,2,3
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⇒ iγ0∂
0Cψ∗ + iγ i∂

iCψ∗ −mCψ∗ = 0

(iγ0∂
0 + iγ i∂

i −m)Cψ∗(r, t) t→−t# →## (−iγµ∂
µ −m)Cψ∗(r,−t) = 0

γ5γµ = −γµγ5 ⇒ (iγµ∂
µ −m)γ5Cψ

∗(r,−t) = 0

⇒ψ(r, t) t→−t# →## ηTγ5Cψ
∗(r,−t)



ψ r, t( ) P! →! γ0ψ −r, t( )
C! →! γ0Cγ0

Tψ∗ −r, t( )
T! →! γ5Cγ0C

γ0
T
!γ0

Tψ −r,−t( ) = γ5ψ −r,−t( )

(iγµ∂
µ −m)γ5ψ(−r,−t) = 0⇒ (−iγµ∂

µ −m)γ5ψ(r, t) = 0

⇒ γ5(iγµ∂
µ −m)ψ(r, t) = 0

CPT Theorem 

Under rather general assumptions (locality, Lorentz invariance, etc.) 
physical laws remain the same under combined P, C, and T operations. 

The derivation above is an illustration of this theorem  



The	  World	  according	  to	  Escher	  	  	  

	  	  	  	  mirror	  image	   :me	  →	  	  	  	  ←	  :me	  

ma;er	   an:-‐ma;er	  start	  
iden:cal	  	  
to	  start	  

anti-particle       particle     
e+             e- 

	  	  	  	  	  Time	  Reversal	  Viola:on	  
can	  be	  measured	  at	  low	  energies	  

P	   C	   T	  

From H.W. Wilschut 
via K. Jungmann 



✖	


time 





CP asymmetry at high temperatures was proposed by Okubo in 1958.   

In 1967, Sakharov wrote: 
“From S. Okubo’s effect at 
high temperature a coat is 
tailored for the Universe to 
fit its skewed shape”. 

He proposed the conditions under which one can achieve matter-
antimatter asymmetry via baryogenesis:  

•  C and CP-violation 

•  B violation 

•  Deviation from thermal equilibrium 

In 1986 Fukugita & Yanagida explored conditions for leptogenesis. For 
example heavy partners of neutrinos in the see-saw mechanism must 
have been produced in the Early Universe. If their decays are CP-
violating they may have given rise to particle-antiparticle asymmetry.   



CP-violation is observed in neutral kaon decays, but what is seen there 
is not big enough to provide baryon-antibaryon asymmetry!   

A direct search for CP-violation by neutrinos would search for  
P(να→νβ) ≠ P(να →νβ) 	  



What is a particle? 

Wigner: A particle is an irreducible 
representation of the Poincare group. 

Recall the quantities Lorentz transformations 
leave invariant: 

t2 − r2 = τ 2

E 2 −p2 =m2

E2 −B2

E ⋅B



What is a particle? 

Wigner: A particle is an irreducible 
representation of the Poincare group. 

Recall the quantities Lorentz transformations 
leave invariant: 

t2 − r2 = τ 2

E 2 −p2 =m2

E2 −B2

E ⋅B



What is a particle? 

Wigner: A particle is an irreducible 
representation of the Poincare group. 

Recall the quantities Lorentz transformations 
leave invariant: 

t2 − r2 = τ 2

E 2 −p2 =m2

E2 −B2

E ⋅B
Poincare group is the group including Lorentz boosts, translations 

and rotations. 

Next let us explore the concept of mass 



What is mass? 

ΨL =
1
2
1−γ5( )Ψ

ΨR =
1
2
1+γ5( )Ψ

L =mΨΨ =m ΨLΨR +ΨRΨ l( )

In the Standard Model all elementary masses possibly except those for 
neutrinos are generated by the Yukawa couplings of the Higgs.  



Higgs has very 
little to do 

with my mass! 

Masses of protons, neutrons, 
etc. are generated dynamically 

by the QCD interactions! 

Number of neutrons
Number of protons

=
e−mn /T

e−mp /T

In	  the	  Early	  Universe	  



γ 0 = β = 0 −I
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Chiral representation of Dirac matrices 

Chirality: γ5, Helicity: 

Σ⋅

k

k

, γ5,

Σ⋅

k

k

#

$

%
%

&

'

(
(
= 0

γ5 λ, χ = λ λ, χ

Σ⋅

k

k

λ, χ = χ λ, χ

λ = ±1, χ = ±1
These operators act on the fermion fields: 

Ψ s (
r ) = r


k as (


k )


k
∑ , s =1, 2,3, 4

Helicity 
and  

chirality 



b†

k, χ( ) = as

†

k( ) s χ, χ

s
∑

d −

k, χ( ) = as

†

k( ) s −χ, χ

s
∑

Free, massless particle Hamiltonian:

H = d3r∫ Ψ†(r ) α ⋅ p̂Ψ(r )

=

k b†


k, χ( )b


k, χ( )− d −


k, χ( )d† −


k, χ( )&

'
(
)

k ,χ
∑

"Dirac" mass term:

mD d3r∫ Ψ†(r )βΨ(r )

= − mD b†

k, χ( )d† −


k,−χ( )− d −


k,−χ( )b


k, χ( )&

'
(
)

k ,χ
∑



Hence the total Hamiltonian is

H =

k bkχ

† bkχ − d−kχd−kχ
†"# $%−mD bkχ

† d−kχ
† − d−kχbkχ"# $%{ }

k ,χ
∑

This Hamiltonian can be diagonalized by the transformation

Bkχ
D−kχ

†

"

#

$
$

%

&

'
'
= cosϑ −sinϑ

sinϑ cosϑ

"

#
$

%

&
'

bkχ
d−kχ

†

"

#

$
$

%

&

'
'

H =

k 2 +mD

2 Bkχ
† Bkχ −D−kχD−kχ

†( )
kχ
∑

cos2ϑ =


k

k 2 +mD

2
sin2ϑ =

mD
k 2 +mD

2



Majorana mass term: 

•  Such a mass term violates lepton number conservation since it 
implies that neutrinos are their antiparticles.  

mM ΨL( )C( )
†
β ΨL



• 	  Symmetries, in particular weak isospin invariance, define the 
Standard Model.  The symmetry is SU(2)WxU(1). 

•  In the Standard Model, the left-handed and the right-handed 
components of the neutrino are treated differently: νL sits in an 
weak-isospin doublet (IW =1/2) together with the left-handed 
component of the associated charged lepton, whereas νR is an weak-
isospin singlet (IW=0).  





• 	  Symmetries, in particular weak isospin invariance, define the 
Standard Model.  The symmetry is SU(2)WxU(1). 

•  In the Standard Model, the left-handed and the right-handed 
components of the neutrino are treated differently: νL sits in an 
weak-isospin doublet (IW =1/2) together with the left-handed 
component of the associated charged lepton, whereas νR is an weak-
isospin singlet (IW=0).  

•  A mass term connects left- and right-handed components. The 
usual Dirac mass term is L = mψψ = m(ψLψR + ψRψL).  But such a 
neutrino mass term requires a right-handed neutrino, hence it is not 
in the Standard Model. 

•  The right-handed component of the neutrino carries no weak 
isospin quantum numbers.  



A very brief introduction to the effective 
field theories  



A note on dimensional counting 

• 	  Lagrangian, L, has dimensions of energy (or mass).  

•  L = ∫d3x L ⇒ Lagrangian density, L,  has dimensions of energy/
volume or M4.  

•  Define the scaling dimension of x, [x] to be -1 ⇒ scaling dimension 
of momentum (or mass) is [m] = +1 (recall that (p.x/h) is 
dimensionless and we take [h]=0).  

•  Clearly [L] = 4. This should be true for any Lagrangian density of 
any theory.   

•  Consider the mass term for fermions, Lm= m ΨΨ. Then [ΨΨ] = 3 or 
[Ψ] = 3/2.  

•  In the Standard Model the Higgs field vacuum expectation value 
gives the particle mass: L = H ΨΨ. Hence [H] = 1.   



An example for the effective field theories 

Euler-Heisenberg correction to the Q.E.D. Lagrangian  

L =    (E2-B2) + terms which are higher order in fields                 

€ 

1
2

Consistent with the 
symmetries of the system 



L = 1
2
E2 −B2( )+ g

4

Λ4 c1 E
2 −B2( )

2

mass dimension 8
! "# $#

+ c2 E•B( )2

mass dimension 8
!"# $#

+ c3 E
2 −B2( ) E•B( )
mass dimension 8

! "## $##

#

$

%
%

&

'

(
(

These	  operators	  have	  mass	  
dimension	  8,	  so	  there	  should	  be	  

a	  power	  of	  4	  here	  





L = 1
2
E2 −B2( )+ g

4

Λ4 c1 E
2 −B2( )

2

mass dimension 8
! "# $#

+ c2 E•B( )2

mass dimension 8
!"# $#

+ c3 E
2 −B2( ) E•B( )
mass dimension 8

! "## $##

#

$

%
%

&

'

(
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Not	  good	  
(not	  T-‐

invariant)	  



L = 1
2
E2 −B2( )+ g

4

Λ4 c1 E
2 −B2( )

2

mass dimension 8
! "# $#

+ c2 E•B( )2

mass dimension 8
!"# $#

#

$

%
%

&

'

(
(



An example for the effective field theories 

Euler-Heisenberg correction to the Q.E.D. Lagrangian  

L =    (E2-B2) +              (E2-B2)2 + 7 (E·B)2   

€ 

1
2   

€ 

2α 2

45m4
e	  



Another example: Low-energy limit of 
weak interactions 

L = ψLγµψLψLγ
µψL

mass dimension 6
! "## $##

!
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Another example: Low-energy limit of 
weak interactions 

L = ψLγµψLψLγ
µψL

mass dimension 6
! "## $##

!
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L = g
2

Λ2 ψLγµψLψLγ
µψL

mass dimension 6
! "## $##
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#

$
$

%

&

'
'

GF =
2g2

8MW
2



Using the Standard Model degrees of freedom one can 
parameterize the neutrino mass by a dimension 5 operator. 

(Recall that I3
W = 1/2 for the νL and -1/2 for HSM).  

L =  Xαβ HSM HSM νLα
C νLβ / Λ  

v2 Xαβ / Λ = U mν
diagonal UT

  

This term is not renormalizable! It is the only dimension-five 
operator one can write using the Standard Model degrees of 
freedom. Hence the neutrino mass is the most accessible new 

physics beyond the Standard Model! 



There are other ways to obtain neutrino mass: 

L = HI=1 νLα
C νLβ 	  

Note: This Higgs is not in the Standard Model! 



L = LSM +
C (5)

Λ
O(5) +

Ci
(6)

Λ2 Oi
(6) +

i
∑ Ci

(7)

Λ3 Oi
(7) +…

i
∑

At lower energies, Beyond Standard Model 
physics is described by local operators 

Majorana 
neutrino 

mass 
(unique) 

Includes 
Majorana 
neutrino 
magnetic 
moment 



Majorana mass term: 

•  Such a mass term violates lepton number conservation since it 
implies that neutrinos are their antiparticles.  

•  It is permitted by the weak-isospin invariance of the Standard 
Model.  

•  Neutrino mass terms are not included in the  fundamental 
Lagrangian of the Standard Model. They arise from new physics.  
Of course it is possible to write down an effective Lagrangian 
for the neutrino mass in terms of only the Standard Model 
fields if you give up renormalizability.  

mM ΨL( )C( )
†
β ΨL



Fundamental Symmetry tests with 
nuclei: Electric dipole moment 



Electric dipole operator :  d = qi
i
∑ ri (vector operator)

eiπ Jy Jze
−iπ Jy = −Jz

eiπ Jydze
−iπ Jy = −dz

#

$
%

&%
⇒

j,m dz j,m = j,m eiπ Jye−iπ Jydze
iπ Jye−iπ Jy j,m = j,−m (−dz ) j,−m

j,m dz j,m = j,m T̂ −1T̂dzT̂
−1T̂ j,m = j,−m T̂dzT̂

−1( ) j,−m

#

$
%

&
%

If T̂dzT̂
−1( ) = dz  then j,m dz j,m = 0

Observation of a non-zero value of the dipole 
operator requires CP violation! 



L = LSM +
C (5)

Λ
O(5) +

Ci
(6)

Λ2 Oi
(6) +

i
∑ Ci

(7)

Λ3 Oi
(7) +…

i
∑

In effective field theories at lower energies, 
beyond Standard Model physics is described by 

local operators 

Majorana 
neutrino 

mass 
(unique) 

Electric 
dipole 

moment 

−θ
gs

2

32π 2 Tr Fµν F
µν -‐	   +	  

H ≈ −d J ⋅E

di ∝
mi

Λ2 sinφCP



Consider a system of non-relativistic particles which possess 
electric dipole moments and held together by Coulomb forces :

H =
pi

2

2mi

+ VCoulomb ri( )
i
∑

i
∑  - di •ECoulomb

i
∑ = H0 − di •ECoulomb

i
∑

di •ECoulomb = −
1
qi
di •∇VCoulomb(ri ) = −

i
qi
di •pi,H0[ ]

⇒ H = H0 + i
1
qi
di •pi,H0[ ]

i
∑

Assuming the dipole moment is small treat the second term in 
perturbation theory. The shift in the ground state of H0 is

0 → 0 + n
n i 1

qi
di •pi,H0[ ]

i
∑ 0

E0 −Enn
∑ = 1+ i 1

qi
di •pi

i
∑

&

'
(

)

*
+ 0 = 0

S

Schiff’s theorem 



Perturbed ground state :  0
S
= 1+ i 1

qi
di •pi

i
∑

"

#
$

%

&
' 0

Induced electric moment :    S 0 qi
i
∑ ri 0 s

S 0 qi
i
∑ ri 0 s

= i 0 qiri
q
∑ , 1

qj
d j •p j

j
∑

(

)
*
*

+

,
-
-
0 = − 0 di 0

i
∑

Schiff’s theorem 



Nuclear EDM’s and the Schiff moment 

Schiff shielding: datom = delectronic + dnuclei ≅ 0

S = 1
10

ei ri
2 −
5
3
r2

ch

"

#
$

%

&
'

i
∑ ri ×

1 isoscalar
τ zi isovector

*
+
,

-,

However, since the nuclear charge distribution 
is not isotropic, one obtains the Schiff moment: 

Note that, since this is a difference of two large quantities, it involves many 
subtle nuclear physics issues, such as identifying contributions of single-

particle states, low-lying dipole resonances… 
Auerbach, Dobaczewski, Engel, Flambaum, Haxton, Kriplovich, Ramsey-Musolf, 

Shlomo, Zelevinsky…… 



Ψ- = (|+〉 - |-〉)/√2 	

	

Ψ+ = (|+〉 + |-〉)/√2 

ΔE 

|+〉 |-〉 

Haxton	  &	  Henley;	  Auerbach,	  Flambaum	  &	  Spevak;	  
Dobaczewski	  &	  Engel	  



Ramsey-‐Musolf	  

Parameterize Schiff moment as 

S = 2mNgA
Fπ

a0gπ
(0) + a1gπ

(1) + a2gπ
(2)( )

gπ
(0) :  isoscalar
gπ

(1) :  isovector 
gπ

(2) :  isotensor





T =
1 0 0
0 c23 s23
0 −s23 c23
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atmospheric neutrinos
  

c13 0 s13e
−iδ

0 1 0
−s13e

iδ 0 c13
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reactor neutrinos
  

c12 s12 0
−s12 c12 0
0 0 1

"
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$
$
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solar neutrinos
  

ν flavor = T νmassNeutrino mixing 

P νe →νe( ) =1− sin2 2θ13 cos2θ12 sin2 Δ31L( )+ sin2θ12 sin2 Δ32L( )$% &'

− cos4θ13 sin
2 2θ12 sin

2 Δ21L( )

cij = cosθij sij = sinθij

Δij =
δmij

2

4Eν
=
mi
2 −mj

2

4Eν
, Δ32 = Δ31 −Δ21



The potential is provided by 
the coherent forward 

scattering of νe’s off the  
electrons in dense matter	  

There is a similar term with Z-
exchange. But since it is the 

same for all neutrino flavors, it 
does not contribute to phase 

differences unless we invoke a 
sterile neutrino.  

The MSW Effect 

Note that matter effects induce 
an effective CP-violation since the 
matter in the Earth and the stars 
is not CP-symmetric! 



i ∂
∂t

ψe

ψµ

ψτ
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= T
E1 0 0
0 E2 0
0 0 E3

"
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$
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%

&

'
'
''
T † +

Vc +Vn 0 0
0 Vn 0
0 0 Vn

"
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%
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+
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ψe

ψµ

ψτ

"

#

$
$
$
$
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Vc = 2GFNe Vn = −
1
2
GFNn

Matter effects 



Already first SNO neutral current (salt) results could be analyzed without 
referring to the Standard Solar Model, A.B.B. & Yuksel, PRD 68, 113002 (2003) 



Do antineutrinos mix the same way neutrinos do?  

SNO LETA 

LMA 

LOW 

KamLAND 
prefers  

LMA 



Eν = 10 MeV 

Experiments primarily sensitive to higher energy solar neutrinos 
cannot distinguish between LMA and LOW regions! It is desirable to 

pick the neutrino parameter region without KamLAND’s antineutrinos.  

A.B. Balantekin and A. Malkus  

SNO LTE 

Day-night 
asymmetry 
expected 
at SNO for 
Eν=10MeV 

LOW LMA 

A
2
=
Pnight −Pday
Pnight +Pday



day	  

night	  

SUMMER 

WINTER 

day	  

night	  

Day-night asymmetry 
A
2
=
Pnight −Pday
Pnight +Pday



BOREXINO  
Measurement	  

Eν = 862 keV 



Mass	  (eV)	  

0.048	  

0.008	  

=0	  

Neutrino Masses and Flavor Content 

ν3	  

e	  	  	  	  mu	  	  	  tau	  

Atmospheric	  

ν2	  

ν1	  

Solar	  

Atmospheric	  

ν2	  
ν1	  

Solar	  

=0	   ν3	  

0.040	  
0.039	  

0	  
? ? 



Long-baseline oscillations at GeV energies 

σ  ~ E (DIS) 

Event rate ~ E 

Osc. max. L ~ E  
Flux at source ~ E2 
Flux (L) = Flux (L=0)/L2 

Flux (L) ~ 1 

+ 

+ 
Ash River

Minneapolis

Duluth

International 
Falls

Fermilab

Ash River

Minneapolis

Duluth

International 
Falls

Fermilab



P(νe →νe ) = sin
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Matter effects in long-baseline oscillations 

Example: two flavors and normal hierarchy 

•  This can be used to distinguish normal from inverted 
hierarchy 

•  Matter effects mimic CP-violation! 
•  Matter effects increase with energy, EMSW ~ 10 GeV for 

Earth’s mantle 



Typical Appearance Experiment 



Typical Appearance Experiment 



Typical Appearance Experiment 

Is equal to 
zero for 

the magic baseline 
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ψµ = cosθ23ψµ − sinθ23ψτ

ψτ = sinθ23ψµ + cosθ23ψτ
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CP-violation 



We need to solve an evolution equation

i ∂
∂t
U = HU

If we ignore Vτµ  it is easy to show that the CP-violating phase factorizes: 

U(δ) = SU(δ = 0)S† S =
1 0 0
0 1 0
0 0 eiδ
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$
$
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%

&

'
'
'

This factorization still holds when collective oscillations are include, but 
breaks down if there is spin-flavor precession 
This factorization implies that neither 
P νe →νe( )
nor

P νµ →νe( )+P ντ →νe( )
depend on the CP-violating phase δ.



If the νµ and ντ luminosities are the same at the neutrinosphere of a 
core-collapse supernova, this factorization implies that νe and νe 
fluxes observed at terrestrial detectors will not be sensitive to the 
CP-violating phase! To see its effects you need to measure νµ and ντ 
luminosities separately!  

If you see the effects of δ in either charged- or neutral current 
scattering that may mean any of the following: 
 
•  There are new neutrino interactions beyond the standard 

model operating either within the neutron star or during 
propagation. 

•  Standard Model loop corrections (very easy to quantify) are 
seen. 

•  There are sterile neutrino states. 

- 



H (δ) = Hν +Hνν = SH (δ = 0)S
†

S =
1 0 0
0 1 0
0 0 eiδ
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Factorization of the CP-violating phase 
if there are no sterile neutrinos 

Holds if neutrino magnetic moment is ignored. 
•  MSW Hamiltonian: Balantekin, Gava, Volpe, Phys. Lett B662, 

396 (2008). 
•  Collective Hamiltonian in the mean-field approximation: Gava, 

Volpe, Phys. Rev. D78, 083007 (2008). 
•  Exact collective Hamiltonian: Pehlivan, Balantekin, Kajino, 

Phys. Rev. D90, 065011 (2014).  



Maria Goeppert Mayer was 
awarded the 1963 Nobel 
for the nuclear shell model, 
the San Diego Union 
headline read “San Diego 
Housewife Wins Nobel 
Prize”. 

Double Beta Decay 

The second order process, 
where two neutrinos are 
emitted, is also possible.  
 
Maria Mayer, 1935 



νi!νi!

W–! W–!

e–! e–!

Input: nuclear matrix 
elements 

Ini:al	  
nucleus	  

Final	  
nucleus	  	  

∑	

i

Majorana nature of the neutrinos permit 
neutrinoless double beta decay: 

2νββ	   0νββ	  



Summary	  -‐	  This	  ar:cle	  shows	  that	  the	  symmetry	  between	  par:cles	  and	  an:par:cles	  leads	  
some	  formal	  amendments	  in	  the	  theory	  of	  Fermi	  β	  radioac:vity,	  and	  that	  the	  physical	  

iden:ty	  between	  neutrinos	  and	  an:neutrinos	  leads	  directly	  to	  the	  theory	  of	  E.	  Majorana.	  

Suggestion of neutrinoless double beta decay 
Nuovo	  Cimento,	  14,	  pp	  322-‐328	  (1937) 



28 30 32 34 36 38

Z    

Pairing gives rise to double beta decay: 

odd-even 

even-even 





76As
2�

76Ge
0+

76Se
0+



Nucleus Q-value 
(MeV) 

T1/2 (years) 
limit 

<mν> (eV) 
limit 

48Ca	   4.276	   >	  1.14	  x	  1022	   <	  7.2	  
76Ge	   2.039	   >	  1.6	  x	  1025	   <	  0.33	  
82Se	   2.992	   >	  1.9	  x	  1023	   <	  1.3	  

100Mo	   3.034	   >	  5.8	  x	  1023	   <	  0.8	  
116Cd	   2.804	   >	  1.7	  x	  1023	   <	  1.7	  
128Te	   0.876	   >	  7.7	  x	  1024	   <	  1.1	  
130Te	   2.529	   >	  3	  x	  1023	   <	  0.46	  
136Xe	   2.467	   >	  4.4	  x	  1023	   <	  1.8	  
150Nd	   3.368	   >	  1.2	  x	  1021	   <	  7	  

Current limits on 0ββ decay 

mν = Uie
2

i=1

3

∑ mi



Why are matrix elements of 0νββ and 2νββ different? 

2νββ	   0νββ	  

Only intermediate 1+ states 
contribute (single-state 
dominance approximation?)    
q< a few MeV: eiqr ~1 

All intermediate states contribute 
(closure approximation?) q ~ a few 
100 MeV: eiqr = 1 + iqr – (qr)2 +… 



Vogel	  



Nuclear matrix elements for double beta decay 

M 2ν =
< f ||


σ τ + || n > ⋅< n ||


σ τ + || i >

En −Ei +E0n
∑ Two-neutrino 

ββ decay 

M 0ν =MGT
0ν −

MF
0ν

gA
2 +MT

0ν

MGT
0ν ≈< f | 1

rjk


σ ( j) ⋅


σ (k) τ +( j)τ +(k)| f >

j,k
∑

Neutrinoless 
ββ decay 



Nuclear matrix elements for double beta decay 

M 2ν =
< f ||


σ τ + || n > ⋅< n ||


σ τ + || i >

En −Ei +E0n
∑ Two-neutrino 

ββ decay 

M 0ν =MGT
0ν −

MF
0ν

gA
2 +MT

0ν

MGT
0ν ≈< f | 1

rjk


σ ( j) ⋅


σ (k) τ +( j)τ +(k)| f >

j,k
∑

Neutrinoless 
ββ decay 



76Ge	  

100Mo	  

130Te	  

Total 

P.	  Vogel,	  J.	  Phys	  G	  39,	  124002	  (2012)	  

MGT
0ν = CGT

0ν (r)dr
0

∞

∫

Nuclear matrix elements 

Momentum of virtual 
neutrino, q ~ 1/r 

r ~ 2 fm   
q ~ 100 MeV 



For	  2νββ	  decay	  only	  intermediate	  1*	  states	  contribute.	  These	  are,	  in	  
principle,	  accessible	  with	  charge-‐exchange	  reac:ons	  (at	  θ=	  0o).	  	  For	  

0νββ	  we	  do	  not	  have	  such	  help.	  	  	  



	  

• 2ν ββ-decay: small momentum transfer 

• 0ν ββ-decay: large momentum transfer (~ 100 MeV) 

• 100 MeV covers all giant resonances and details of 
the structure of the intermediate nucleus cannot be 
very important.  

• Since only initial and final states matter, determine 
the composition of the Fermi surface: the 
distribution of the valence nucleons that participate 
in the decay. 



Schiffer	  	  

Fujita	  

Zegers	  

Charge-exchange reaction 
experiments both with direct 

and inverse kinematics will help.  
Recently there have been 

significant developments in this 
area.   



(1/T1/2) = G(E,Z) M2 〈mββ〉2 

G(E,Z) : phase space 

M : nuclear matrix element  

〈mββ〉 = |∑j |Uej|2 mj eiδ(j)|  

0ν double beta decay 

Light	  neutrino	  
exchange	  

Heavy	  neutrino	  
exchange	  



Vogel	  

For 2νββ there is a strong shell-model dependence of the matrix elements	  	  



In neutrinoless double 
beta decay, the overlap 
between initial and final 
states should be not too 

small! 

Example:  
 
150Nd è150Sm+ee 

Rodriguez	  &	  Mar:nez-‐Pinedo,	  
PRL	  105,	  252503	  (2010)	  



Neutrino Magnetic Moment 

..)(
2
1

5int chFL iijijj ++= αβ

αβ ψγεβσψ

ijijij εβµ −≡



Physical Processes with a Neutrino Magnetic Moment 

ν-e scattering Spin-flavor precession 

Plasmon decay 
Neutrino decay 



L = LSM +
C (5)

Λ
O(5) +

Ci
(6)

Λ2 Oi
(6) +

i
∑ Ci

(7)

Λ3 Oi
(7) +…

i
∑

In effective field theories at lower energies, 
beyond Standard Model physics is described by 

local operators 

Majorana 
neutrino 

mass 
(unique) 

Includes 
Majorana 
neutrino 
magnetic 
moment 

µν ∝
mν

Λ2



dσ ij
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=
e2µij
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µeff
2 = Ueje

−iE jLµ ji
j
∑

i
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2

So we can safely ignore the neutrino masses 
in the above equation. But we have to account 

for the possibility of neutrinos oscillating 
before they reach the detector 

⌫j

⌫e

�

e�

e�

1

Neutrino-electron 
scattering at reactors 



weak 

magnetic 

gv = 2 sin2θW+ 1/2 

gA = 

+1/2 for electron neutrinos 

-1/2 for electron antineutrinos 

dσ
dT

=
GF
2me

2π
gV + gA( )2 + gV − gA( )2 1− T

Eν
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Neutrino Magnetic Moment in the Standard Model 

Symmetry Principles:  
µν→0 as mν→0 

Standard Model (Dirac) 

µij = −
eGF

8 2π 2
(mi +mj ) UiUj

* f (r )


∑

f (r ) ≈ −
3
2
+
3
4
r +…, r =

m
MW

$

%
&

'

(
)

2



Standard Model (only) 
contribution to the 

Dirac neutrino 
magnetic moment 

A.B.B.	  &	  
N.	  Vassh	  

A.B.B.,	  N.	  Vassh,	  arXiv:1312.6858	  

Cosmological	  limits	  



Standard Model (only) 
contribution to the 
Majorana neutrino 
magnetic moment 

Cosmological	  limits	  



A large enough neutrino 
magnetic moment implies 
enhanced plasmon decay 
rate: γ→νν. Since the 

neutrinos freely escape 
the star, this is turn cools  

a red giant star faster delaying helium ignition. 

Globular cluster M5  
è µν < 4.5 × 10-12 µB       

(95% C.L.) 

arXiv:1308.4627 



For a sufficiently heavy sterile neutrino the phases with (E4 −Ei )L  average to zero

µeff
2 = Uei µµ

+( )ij U je
+"

#$
%
&'

i, j=1

3

∑ +Ue4 µµ+( )44
U4e

+

⇒ µeff
2 ≤ µi4

2 + 1− Ue4
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How do you cook elements around us? 
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BIG 
BANG 

How do you cook elements around us? 

H	  
He	  

Li	  

D	  



BIG 
BANG 

How do you cook elements around us? 

H	  
He	  

Li	  

D	  

Pop III stars 
(very big and very 

metal poor) 



How do you cook elements around us? 

H	  
He	  

Li	  

They go supernovae 



How do you cook elements around us? 

H	  
He	  

Li	  

D	  

O	  
Mg	  

N	  

Ti	  

C	  

Sr	  

Fe	  
Ca	  

Si	  



BIG 
BANG 

How do you cook elements around us? 

H	  
He	  

Li	  

D	  

Pop II stars 
(metal poor) 



BIG 
BANG 

How do you cook elements around us? 

H	  
He	  

Li	  

D	  

Pop II stars 
(metal poor) 

Some go supernova, 
producing U, Eu,Th… 

via the r-process 

AGB stars produce 
Ba, La, Y,…. via the 

s-process 



Core-collapse supernovae are very sensitive to ν physics 

Gravitational collapse yields very large values of the Fermi energy 
for electrons and νe’s (~1057 units of electron lepton number). νµ’s 
and ντ’s are pair-produced, so they carry no µ or τ lepton number. 
Any process that changes neutrino flavor could increase electron 

capture and reduce electron lepton number. 

νe + n
→
←

p+ e−

Almost the entire gravitational binding energy of the progenitor star 
is emitted in neutrinos. Neutrinos transport entropy and the lepton 

number.  

Electron fraction, or equivalently neutron-to-proton ratio (the 
controlling parameter for nucleosynthesis) is determined by the 

neutrino capture rates:  

νe + p
→
←

n+ e+



λp: proton weak loss rate (rate for νe + p→ e+ + n and e− + p→νe + n reactions)

λn: neutron weak loss rate (rate for νe + n→ e− + p and e+ + n→νe + p reactions)
dNp

dt
= −λpNp +λnNn

Electron fraction: Ye ≡
Net number of electrons

Number of baryons

Neutral medium, only protons and neutrons: Ye =
Np

Np + Nn

d
dt
Ye = λn − λp +λn( )Ye



λp: proton weak loss rate (rate for νe + p→ e+ + n and e− + p→νe + n reactions)

λn: neutron weak loss rate (rate for νe + n→ e− + p and e+ + n→νe + p reactions)
dNp

dt
= −λpNp +λnNn

Electron fraction: Ye ≡
Net number of electrons

Number of baryons

Neutral medium, only protons and neutrons: Ye =
Np

Np + Nn

Neutral medium, with protons, neutrons and alphas: Ye =
Np + 2Nα

Np + Nn + 4Nα

Mass fraction of alphas: Xα =
4Nα

Np + Nn + 4Nα

d
dt

Ye −
1
2
Xα

#

$%
&

'(
= λn − λp +λn( )Ye +

1
2
λp −λn( )Xα

Vanishes	  if	  weak	  interac:ons	  of	  alphas	  are	  ignored	  



dYe/dt	  =	  0	  

If	  alpha	  par:cles	  are	  present	   If	  alpha	  par:cles	  are	  absent	  

If	  Ye(0)	  <	  1/2,	  non-‐zero	  Xα	  increases	  Ye.	  If	  Ye(0)	  >	  
1/2,	  non-‐zero	  Xα	  decreases	  Ye.	  	  

Non-‐zero	  Xα	  pushes	  
Ye	  to	  1/2	  

Alpha	  effect	  

Ye =
λn

λp +λn
+
1
2
λp −λn
λp +λn

Xα Ye
(0) =

1
1+λp λn

Ye =Ye
(0) +

1
2
−Ye

(0)"

#
$

%

&
'Xα



Balantekin	  and	  Fuller,	  Prog.	  Part.	  Nucl.	  Phys.	  71	  162	  (2013)	  

For example understanding a core-collapse supernova requires 
answers to a variety of questions some of which need to be 

answered by nuclear physics, both theoretically and experimentally. 

Ye =
Np

Np + Nn

=
1

1+λp λn

Arcones	  and	  Montes	  



The second term makes the physics of a neutrino gas in a core-collapse supernova a 
very interesting many-body problem, driven by weak interactions. 

Neutrino-neutrino interactions lead to novel collective and emergent effects, 
such as conserved quantities and interesting features in the neutrino energy 

spectra (spectral “swaps” or “splits”).  

Energy released in a core-collapse 
SN: ΔE ≈ 1053 ergs ≈ 1059 MeV 

99% of this energy is carried away 
by neutrinos and antineutrinos! 

~ 1058 Neutrinos! 
This necessitates including the 

effects of νν interactions! 

Proto	  neutron	  
star	  

ν	


ν	


ν	


ν	


ν	


H = a†a∑
describes neutrino oscillations

interaction with matter (MSW effect)


+ 1− cosθ( )a†a†aa∑

describes neutrino-neutrino
interactions

  





νe	
 νµ	


Neutrino flavor isospin Ĵ+ = ae
†aµ Ĵ− = aµ

†ae

Ĵ0 =
1
2
ae
†ae − aµ

†aµ( )
These operators can be written 
in either mass or flavor basis 

Ĥ =
m1
2

2E
a1
†a1 +

m2
2

2E
a2
†a2 + ⋅ ⋅( )1̂

=
δm2

4E
cos2θ −2 Ĵ0( )+ δm

2

4E
sin2θ Ĵ+ + Ĵ−( )+ ⋅ ⋅( )#1̂

Free neutrinos (only mixing) 

Ĥ =
δm2

4E
cos2θ − 1

2
GFNe

"

#
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%

&
' −2 Ĵ0( )+ δm

2

4E
sin2θ Ĵ+ + Ĵ−( )+ ⋅ ⋅( ))))1̂

Interacting with background electrons 



Neutrino-Neutrino Interactions 
Smirnov, Fuller and Qian, Pantaleone, 
McKellar, Friedland, Lunardini, Raffelt, 
Duan, Balantekin, Kajino, Pehlivan … 

Neutrino-neutrino interactions lead to novel collective and emergent 
effects, such as conserved quantities and interesting features in the 

neutrino energy spectra (spectral “swaps” or “splits”).  

θ	


p 

q 

Ĥνν =
2GF

V
dpdq 1− cosθ pq( )

!
J p ⋅
!
Jq∫

Ĥ = dp δm2

2E


B ⋅

J p − 2GFNeJ p

0#

$
%

&

'
(+∫ 2GF

V
dpdq 1− cosθ pq( )


J p ⋅

Jq∫


B = sin2θ, 0, − cos2θ( )

This term makes the physics of a neutrino gas in a core-collapse 
supernova a genuine many-body problem 



Ô1,Ô2
!
"

#
$≅ 0

Ô1Ô2 ≈ Ô1 Ô2 + Ô1 Ô2 − Ô1Ô2

Expectation values should be calculated 
with a state Ψ chosen to satisfy:

Ô1Ô2 = Ô1 Ô2

This reduces the two-body problem 
to a one-body problem:

a†a†aa⇒ a†a a†a+ a†a† aa+ h.c.

What is the mean-field approximation? 

Ĥνν =
2GF

V
dpdq 1− cosθ pq( )

!
J p ⋅
!
Jq∫ ≅

2GF

V
dpdq 1− cosθ pq( )

!
J p ⋅
!
Jq∫



ψνLγ
µψνLψνLγµψνL ⇒ψνLγ

µψνL ψνLγµψνL +

ψνRγ
µψνRψνRγµψνR ⇒ψνRγ

µψνR ψνRγµψνR +

ψνLγ
µψνLψνRγµψνR ⇒ψνLγ

µψνL ψνRγµψνR +

Neutrino-neutrino interaction 

Antineutrino-antineutrino interaction 

Neutrino-antineutrino interaction 
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Mean field 



ψνLγ
µψνLψνRγµψνR ⇒ψνLγ

µ ψνLψνRγµ ψνR +!

However note that 

ψνLψνRγµ ∝mν   (negligible if the medium is isotropic)

Neutrino-antineutrino can also have an additional 
mean field 

Fuller et al.  
Volpe  


